Generalized two-point tree-level amplitude $jf \to j^{\, \prime} f^{\,
  \prime}$ in a magnetized medium (extended version) by Kuznetsov, A. V. et al.
ar
X
iv
:1
31
2.
57
19
v2
  [
he
p-
ph
]  
30
 A
ug
 20
14
Generalized two-point tree-level amplitude jf → j ′f ′ in a magnetized medium
(extended version)
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The tree-level two-point amplitudes for the transitions jf → j ′f ′, where f is a fermion and j is
a generalized current, in a constant uniform magnetic field of an arbitrary strength and in charged
fermion plasma, for the jf interaction vertices of the scalar, pseudoscalar, vector and axial-vector
types have been investigated. The particular cases of a very strong magnetic field, and of the
coherent scattering off the real fermions without change of their states (the “forward” scattering)
have been analysed.
PACS numbers: 12.20.Ds, 14.60.Cd, 97.10.Ld, 94.30.-d
I. INTRODUCTION
Nowadays, there exists rather keen interest to astro-
physical objects with the scale of the magnetic field
strength near the critical value of Be = m
2/e ≃ 4.41 ×
1013 G 1. This group of objects includes the radio pulsars
and the so-called magnetars, which are the neutron stars
featuring the magnetic field strengths from 1012 G (ra-
dio pulsars) to 4 × 1014 G (magnetars) [1–4]. The spec-
tra analysis of these objects also provides an evidence
for the presence of electron-positron plasma in the radio
pulsars and magnetars environment, with the minimum
magnetospheric plasma density being of the order of the
Goldreich-Julian density [5]:
nGJ ≃ 3 · 1013 cm−3
(
B
100Be
)(
10 s
P
)
. (1)
It is well-known that strong magnetic field and/or plasma
could have an essential influence on various quantum pro-
cesses [6–9], because the external active medium cataly-
ses the processes, by changing their kinematics and in-
ducing new interactions. Therefore, the effects of mag-
netized plasma on microscopic physics should be incor-
porated in the magnetosphere models of strongly mag-
netized neutron stars. In the present paper we consider
the two-point processes, because such reactions can have
possible resonant behavior, and therefore they are very
interesting for astrophysical applications [10].
The investigation of the two-point processes in an
external active medium (electromagnetic field and/or
plasma) has a rather long history. The most general
expression for a two-vertex loop amplitude of the form
j → f f¯ → j ′ in a pure constant uniform magnetic field
and in a crossed field was obtained previously in Ref. [11],
∗avkuzn@uniyar.ac.ru
†rda@uniyar.ac.ru
1 We use natural units c = ~ = kB = 1, mf is the fermion mass,
and ef is the fermion charge.
where all possible combinations of scalar, pseudoscalar,
vector, and pseudovector interactions of the generalized
currents j and j ′ with fermions were considered.
The typical example of a tree-level process with two
vector vertices in the presence of magnetized plasma is
the Compton scattering as a possible channel of the ra-
diation spectra formation. This process was studied in a
number of papers, see e.g. [12–17]), but the results were
presented there in the form without taking account of
the photon dispersion properties. In the recent paper [18]
this neglect was corrected. The expression for the Comp-
ton scattering amplitude, with the initial and final elec-
trons being on the lowest Landau level was presented in
Ref. [18] in the explicit Lorentz invariant form. The other
example of the Compton like process with the vector and
axial-vector vertices, the photon transition into the neu-
trino pair, γ → νν¯, in the presence of magnetized plasma,
was studied in Ref. [19]. However, the results in that pa-
per were presented in rather cumbersome form with an
implicit covariance. Those results would be poorly ap-
plicable for an analysis of the other photon-fermion scat-
tering processes with the production of exotic particles,
such as axion, neutralino, etc.
Thus, it is interesting to consider the tree-level two-
point amplitude for the transition of the type jf → j ′f ′
in a constant uniform magnetic field and charged fermion
plasma, for different combinations of the vertices that
were used in the paper [11]. Particularly, we generalize
the results, obtained in Ref. [11] to the case of magne-
tized plasma, since such a situation looks the most real-
istic for astrophysical objects. Such a generalization was
performed in part in Ref. [20] for the case of the photon
polarization operator in a magnetized electron-positron
plasma. The paper is organized as follows. In Sec. II,
we calculate the scattering amplitudes for different spin
states of the initial and final fermions and for generalized
vertices of the scalar, pseudoscalar, vector or axial vec-
tor types. All the amplitudes are presented in the explicit
Lorentz and gauge invariant forms. In Sec. III, we con-
sider the particular case, when all the fermions occupy
the ground Landau level (the strong field limit). A co-
herent scattering of neutral particles off the real fermions
2f
jk
f ′
jk′
Γk Γk′ + (jk,Γk ↔ jk′ ,Γk′)
FIG. 1: The Feynman diagrams for the reaction jf → j ′f ′.
Double lines mean that the effect of the external field on the
initial and final states is exactly taken into account.
without change of their states (“forward” scattering) is
analysed in Sec. IV. Final comments and discussion of the
obtained results and possible astrophysical applications
are given in Sec. V.
II. THE SET OF EXPRESSIONS FOR THE
AMPLITUDES
The generalized amplitude of the transition jf → j ′f ′
will be analyzed by using the effective Lagrangian for the
interaction of the current j with fermions in the form
L(x) =
∑
k
gk[ψ¯f (x)Γkψf (x)]jk(x), (2)
where the generalized index k = S, P, V,A numbers the
matrices Γk, ΓS = 1, ΓP = γ5, ΓV = γα, ΓA = γαγ5;
jk(x) are the generalized currents (jS , jP , jV α or jAα) or
the photon polarization vectors, gk are the coupling con-
stants, and ψf (x) are the fermion wave functions. The
γ5 matrix is defined as γ5 = i γ
0γ1γ2γ3.
The S-matrix element in the tree approximation is de-
scribed by the Feynman diagrams shown in Fig. 1 and
has the form
Ss
′s
k ′k = −gkgk′
∫
d4Xd4Y jk(X)jk′(Y ) (3)
×
[
Ψ¯s
′
p′,ℓ′(Y )Γk′ Sˆ(Y,X)ΓkΨ
s
p,ℓ(X)
]
.
Here, pµ = (Eℓ,p) and p
′µ = (E ′ℓ′ ,p
′) are the four-
momenta of the initial and final fermions correspond-
ingly, Ψsp,n(X) are the fermion wave functions in the pres-
ence of external magnetic field, Xµ = (X0, X1, X2, X3).
There exist several descriptions of a procedure of ob-
taining the fermion wave functions in the presence of ex-
ternal magnetic field by solving the Dirac equation, see
e.g. [21–27] and also [8, 9]. In the most cases, the so-
lutions are presented in the form with the upper two
components of the bispinor corresponding to the fermion
states with the spin projections 1/2 and -1/2 on the mag-
netic field direction. In this approach, we use a represen-
tation of the fermion wave functions as the eigenstates of
the covariant operator µˆz = mfΣz − iγ0γ5[Σ× Pˆ]z [23].
Here, Pˆ = −i∇− efA is the generalized momentum op-
erator. We take the frame where the field is directed
along the z axis, and the Landau gauge where the four-
potential is: Aµ = (0, 0, xB, 0). It is convenient to use
the notation β = |ef |B, and to introduce the sign of the
fermion charge as η = ef/|ef |.
Our choice of the Dirac equation solutions as the eigen-
functions of the operator µˆz is caused by the following
arguments. Calculations of the process widths with two
or more vertices in an external magnetic field by the
standard method, including the squaring the amplitude
with all the Feynman diagrams and with summation or
averaging over the fermion polarization states, contain
significant computational difficulties. In this case, it is
convenient to calculate partial contributions to the am-
plitude from the channels with different fermion polar-
ization states and for each diagram separately, by direct
multiplication of the bispinors and the Dirac matrices.
The result, up to a total for both diagrams non-invariant
phase will have an explicit Lorentz invariant structure.
On the contrary, the amplitudes obtained with using the
solutions for a fixed direction of the spin, do not have
Lorentz invariant structure. Only the amplitude squared,
summed over the fermion polarization states, is mani-
festly Lorentz-invariant.
The fermion wave functions having the form
Ψsp,n(X) =
e−i(EnX0−pyX2−pzX3) Usn(ξ)√
4EnMn(En +Mn)(Mn +mf )LyLz
, (4)
where
En =
√
M2n + p
2
z , Mn =
√
m2f + 2βn , (5)
are the solutions of the equation
µˆz Ψ
s
p,n(X) = sMnΨ
s
p,n(X) , s = ±1 . (6)
It is convenient to present the bispinors Usn(ξ) in the form
of decomposition over the solutions for negative and pos-
itive fermion charge, Usn,η(ξ):
Usn(ξ) =
1− η
2
Usn,−(ξ) +
1 + η
2
Usn,+(ξ) , (7)
where
U−n,−(ξ) =

−i√2βnpzVn−1(ξ)
(En +Mn)(Mn +mf )Vn(ξ)
−i√2βn(En +Mn)Vn−1(ξ)
−pz(Mn +mf )Vn(ξ)
 , (8)
U+n,−(ξ) =

(En +Mn)(Mn +mf )Vn−1(ξ)
−i√2βnpzVn(ξ)
pz(Mn +mf )Vn−1(ξ)
i
√
2βn(En +Mn)Vn(ξ)
, (9)
3U−n,+(ξ) =

i
√
2βn pzVn(ξ)
(En +Mn)(Mn +mf)Vn−1(ξ)
i
√
2βn(En +Mn)Vn(ξ)
−pz(Mn +mf )Vn−1(ξ)
,(10)
U+n,+(ξ) =

(En +Mn)(Mn +mf)Vn(ξ)
i
√
2βn pzVn−1(ξ)
pz(Mn +mf )Vn(ξ)
−i√2βn(En +Mn)Vn−1(ξ)
 , (11)
Vn(ξ) (n = 0, 1, 2, . . . ) are the normalized harmonic oscil-
lator functions, which are expressed in terms of Hermite
polynomials Hn(ξ) [28]:
Vn(ξ) =
β1/4e−ξ
2/2√
2nn!
√
π
Hn(ξ) , (12)
ξ =
√
β
(
X1 − η py
β
)
. (13)
The currents jk in Eq. (3) can be expressed through the
amplitudes in the momentum space:
jk(X) =
e−i(qX)√
2q0V
jk(q) . (14)
We use the fermion propagator in the form of the sum
over the Landau levels [9, 29]:
S(X,X ′) =
∞∑
n=0
Sn(X,X
′) , (15)
Sn(X,X
′) =
i
2n n!
√
β
π
exp
(
− β X
2
1 +X
′ 2
1
2
)
×
∫
dp0 dpy dpz
(2π)3
e
− i (p (X−X ′))
‖
p2
q
−m2 − 2 β n+ i ε
× exp
{
− p
2
y
β
− py [X1 +X ′1 − i (X2 −X ′2)]
}
×
{
[(pγ)q +m] [Π−Hn(ξ)Hn(ξ
′)
+ Π+ 2nHn−1(ξ)Hn−1(ξ
′)]
+ i 2n
√
β γ1 [Π−Hn−1(ξ)Hn(ξ
′)
− Π+Hn(ξ)Hn−1(ξ ′)]
}
, (16)
where ξ and ξ ′ are defined similarly to Eq. (13).
Hereafter we use the following notations: four-vectors
with the indices ⊥ and ‖ belong to the Euclidean {1, 2}
subspace and the Minkowski {0, 3} subspace correspond-
ingly. Then for arbitrary 4-vectors Aµ, Bµ one has
Aµ
⊥
= (0, A1, A2, 0), A
µ
‖ = (A0, 0, 0, A3),
(AB)⊥ = (AΛB) = A1B1 +A2B2,
(AB)‖ = (AΛ˜B) = A0B0 −A3B3,
where the matrices Λµν = (ϕϕ)µν , Λ˜µν = (ϕ˜ϕ˜)µν are
constructed with the dimensionless tensor of the external
magnetic field, ϕµν = Fµν/B, and the dual tensor, ϕ˜µν =
1
2εµνρσϕρσ . The matrices Λµν and Λ˜µν are connected by
the relation Λ˜µν − Λµν = gµν = diag(1,−1,−1,−1), and
play the role of the metric tensors in the perpendicular
(⊥) and the parallel (‖) subspaces respectively.
After integration in Eq. (3) over d4X and d4Y we ob-
tain
Ss
′s
k ′k =
i(2π)3δ(3)(P − p ′ − q ′)√
2q0V 2q ′0V 2EℓLyLz2E
′
ℓ′LyLz
Ms ′sk ′k ,(17)
where δ3(P − p ′ − q ′) = δ(P0 − E ′ℓ′ − q ′0)δ(Py − p ′y −
q ′y)δ(Pz − p ′z − q ′z), Pα = (p + q)α, α = 0, 2, 3, and the
partial amplitudes Ms ′sk ′k can be presented in the follow-
ing form:
Ms ′sk ′k =
− exp [−iθ]
2
√
MℓMℓ′(Mℓ +mf )(Mℓ′ +mf )
(18)
×
{
exp
[
i(qϕq ′)
2β
] [
qy + iqx√
q2⊥
]−ℓ [
q ′y − iq ′x√
q ′2⊥
]−ℓ′
×
∞∑
n=0
(
(qΛq ′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
)n Rs ′sk ′k
P 2
‖
−m2f − 2βn
+(−1)ℓ+ℓ′ exp
[
− i(qϕq
′)
2β
] [
q ′y + iq
′
x√
q ′2⊥
]−ℓ [
qy − iqx√
q2⊥
]−ℓ′
×
∞∑
n=0
(
(qΛq ′) + i(qϕq ′)√
q2⊥q
′2
⊥
)n Rs ′skk ′
P ′2
‖
−m2f − 2βn
}
,
where θ = (qx − q′x)(py + p′y)/(2β) is the general phase
for both diagrams in Fig. 1.
The main part of the problem is to calculate the val-
ues Rs ′sk ′k which are expressed via the following Lorentz
covariants in the {0, 3}-subspace
K1α =
√
2
(pΛ˜p ′) +MℓMℓ′
×
{
Mℓ(Λ˜p
′)α +Mℓ′(Λ˜p)α
}
, (19)
K2α =
√
2
(pΛ˜p ′) +MℓMℓ′
×{Mℓ(ϕ˜p ′)α +Mℓ′(ϕ˜p)α} , (20)
4K3 =
√
2
[
(pΛ˜p ′) +MℓMℓ′
]
, (21)
K4 = −
√
2
(pΛ˜p ′) +MℓMℓ′
(pϕ˜p ′) . (22)
The following integrals appear in the calculations:
1√
π
∫
dZ e−Z
2
Hn
(
Z +
qy + iqx
2
√
β
)
(23)
×Hℓ
(
Z − qy − iqx
2
√
β
)
= 2(n+ℓ)/2
√
n! ℓ!
[
qy + iqx√
q2⊥
]n−ℓ
eq
2
⊥/(4β)In,ℓ
(
q2
⊥
2β
)
,
where
In,ℓ(x) = (−1)n−ℓIℓ,n(x)
=
√
ℓ!
n!
e−x/2x(n−ℓ)/2Ln−ℓℓ (x) , (24)
and Lkn(x) are the generalized Laguerre polynomials [28].
The results for Rs ′sk ′k are presented below. Hereafter we
use the following definitions: Pα = (p + q)α, P
′
α = (p −
q′)α, In,ℓ ≡ In,ℓ
(
q2⊥/(2β)
)
and I ′n,ℓ′ ≡ In,ℓ′
(
q ′2⊥ /(2β)
)
.
For definiteness, we further consider the fermion with a
negative charge, η = −1.
1. In the case when j and j ′ are scalar currents (k, k ′ = S) the calculation yields
R++SS = gsg ′sjsj ′s
{
2β
√
ℓℓ ′ [(K1P )−mfK3] I ′n,ℓ′In,ℓ + (Mℓ +mf )(Mℓ′ +mf ) [(K1P ) +mfK3]
×I ′n−1,ℓ′−1In−1,ℓ−1 − 2β
√
nK3
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]}
; (25)
R+−SS = igsg ′sjsj ′s
{√
2βℓ ′ (Mℓ +mf ) [(K2P )−mfK4] I ′n,ℓ′In,ℓ −
√
2βℓ (Mℓ′ +mf) [(K2P ) +mfK4]
×I ′n−1,ℓ′−1In−1,ℓ−1 −
√
2βn K4
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ − 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]}
; (26)
R−+SS = −igsg ′sjsj ′s
{√
2βℓ (Mℓ′ +mf ) [(K2P ) +mfK4] I ′n,ℓ′In,ℓ −
√
2βℓ ′ (Mℓ +mf ) [(K2P )−mfK4]
×I ′n−1,ℓ′−1In−1,ℓ−1 −
√
2βn K4
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ − (Mℓ +mf )(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]}
; (27)
R−−SS = gsg ′sjsj ′s
{
(Mℓ +mf )(Mℓ′ +mf ) [(K1P ) +mfK3]I ′n,ℓ′In,ℓ + 2β
√
ℓℓ ′ [(K1P )−mfK3]
×I ′n−1,ℓ′−1In−1,ℓ−1 − 2β
√
nK3
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]}
. (28)
For second diagram we have the following replacement Pα → P ′α, Im,n ↔ I ′m,n.
2. In the case where j is scalar current and j ′ is pseudoscalar current (k = S, k ′ = P ) we obtain
R++PS = gsg ′pjsj ′p
{
2β
√
ℓℓ ′ [(K2P ) +mfK4] I ′n,ℓ′In,ℓ − (Mℓ +mf )(Mℓ′ +mf ) [(K2P )−mfK4]
×In−1,ℓ′−1I ′n−1,ℓ−1 − 2β
√
nK4
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]}
; (29)
5R++SP = −gsg ′pjsj ′p
{
2β
√
ℓℓ ′ [(K2P ′)−mfK4] In,ℓ′I ′n,ℓ − (Mℓ +mf )(Mℓ′ +mf ) [(K2P ′) +mfK4]
×In−1,ℓ′−1I ′n−1,ℓ−1 − 2β
√
nK4
[√
ℓ(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ ′(Mℓ +mf )In,ℓ′I ′n−1,ℓ−1
]}
; (30)
R+−PS = igsg ′pjsj ′p
{√
2βℓ ′ (Mℓ +mf ) [(K1P ) +mfK3] I ′n,ℓ′In,ℓ +
√
2βℓ (Mℓ′ +mf ) [(K1P )−mfK3]
×I ′n−1,ℓ′−1In−1,ℓ−1 −
√
2βn K3
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ + 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]}
; (31)
R+−SP = −igsg ′pjsj ′p
{√
2βℓ ′ (Mℓ +mf ) [(K1P ′)−mfK3] In,ℓ′I ′n,ℓ +
√
2βℓ (Mℓ′ +mf ) [(K1P ′) +mfK3]
×In−1,ℓ′−1I ′n−1,ℓ−1 −
√
2βn K3
[
(Mℓ +mf )(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ + 2β
√
ℓℓ ′In,ℓ′I ′n−1,ℓ−1
]}
; (32)
R−+PS = −igsg ′pjsj ′p
{√
2βℓ (Mℓ′ +mf ) [(K1P )−mfK3] I ′n,ℓ′In,ℓ +
√
2βℓ ′ (Mℓ +mf ) [(K1P ) +mfK3]
×I ′n−1,ℓ′−1In−1,ℓ−1 −
√
2βn K3
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ + (Mℓ +mf )(Mℓ′ +mf)I ′n,ℓ′In−1,ℓ−1
]}
; (33)
R−+SP = igsg ′pjsj ′p
{√
2βℓ (Mℓ′ +mf ) [(K1P ′) +mfK3] In,ℓ′I ′n,ℓ +
√
2βℓ ′ (Mℓ +mf ) [(K1P ′)−mfK3]
×In−1,ℓ′−1I ′n−1,ℓ−1 −
√
2βn K3
[
2β
√
ℓℓ ′In−1,ℓ′−1I ′n,ℓ + (Mℓ +mf )(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]}
; (34)
R−−PS = gsg ′pjsj ′p
{
(Mℓ +mf )(Mℓ′ +mf ) [(K2P )−mfK4] I ′n,ℓ′In,ℓ − 2β
√
ℓℓ ′ [(K2P ) +mfK4]
×I ′n−1,ℓ′−1In−1,ℓ−1 − 2β
√
nK4
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]}
; (35)
R−−SP = −gsg ′pjsj ′p
{
(Mℓ +mf )(Mℓ′ +mf ) [(K2P ′) +mfK4] In,ℓ′I ′n,ℓ − 2β
√
ℓℓ ′ [(K2P ′)−mfK4]
×In−1,ℓ′−1I ′n−1,ℓ−1 − 2β
√
nK4
[√
ℓ ′(Mℓ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]}
. (36)
3. In the case where j is scalar current and j ′ is a vector current (k = S, k ′ = V ) we obtain
6R++V S = gsg ′vjs
{
− 2β
√
ℓℓ ′
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n,ℓ′In,ℓ (37)
+(Mℓ +mf )(Mℓ′ +mf)
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
−2β√n(K1j ′)
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
√
2β
q ′2⊥
(Mℓ′ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ [(K1P )−mfK3]I ′n,ℓ′−1In,ℓ −
√
n(Mℓ +mf )K3I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βℓ ′
q ′2
⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ +mf )[(K1P ) +mfK3]I ′n−1,ℓ′In−1,ℓ−1 − 2β
√
ℓnK3I ′n−1,ℓ′In,ℓ
]}
;
R++SV = gsg ′vjs
{
− 2β
√
ℓℓ ′
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In,ℓ′I ′n,ℓ (38)
+(Mℓ +mf )(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−2β√n(K1j ′)
[√
ℓ(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ ′(Mℓ +mf )In,ℓ′I ′n−1,ℓ−1
]
+
√
2βℓ
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ′ +mf ) [(K1P ′) +mfK3]In−1,ℓ′−1I ′n−1,ℓ − 2β
√
ℓ ′nK3In,ℓ′I ′n−1,ℓ
]
−
√
2β
q ′2
⊥
(Mℓ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ ′ [(K1P ′)−mfK3]In,ℓ′I ′n,ℓ−1 −
√
n(Mℓ′ +mf )K3In−1,ℓ′−1I ′n,ℓ−1
]}
;
R+−V S = −igsg ′vjs
{√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf(K2j ′)
]
I ′n,ℓ′In,ℓ (39)
+
√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K2j ′)
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ + 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]
− (q
′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
×(Mℓ′ +mf )
[
(Mℓ +mf )[(K2P )−mfK4]I ′n,ℓ′−1In,ℓ + 2β
√
nℓ K4I ′n,ℓ′−1In−1,ℓ−1
]
−2β
√
ℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
[√
ℓ [(K2P ) +mfK4]I ′n−1,ℓ′In−1,ℓ−1 +
√
n (Mℓ +mf ) K4 I ′n−1,ℓ′In,ℓ
]}
;
7R+−SV = igsg ′vjs
{√
2βℓ ′(Mℓ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In,ℓ′I ′n,ℓ (40)
+
√
2βℓ(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+
√
2βn (K2j ′)
[
(Mℓ +mf )(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ + 2β
√
ℓℓ ′In,ℓ′I ′n−1,ℓ−1
]
+
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
×(Mℓ +mf )
[
(Mℓ′ +mf )[(K2P ′) +mfK4]In−1,ℓ′−1I ′n−1,ℓ − 2β
√
nℓ ′ K4In,ℓ′I ′n−1,ℓ
]
+2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ ′ [(K2P ′)−mfK4]In,ℓ′I ′n,ℓ−1 −
√
n (Mℓ′ +mf ) K4 In,ℓ′−1I ′n−1,ℓ−1
]}
;
R−+V S = −igsg ′vjs
{√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n,ℓ′In,ℓ (41)
+
√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K2j ′)
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ + (Mℓ +mf )(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−2β
√
ℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ [(K2P ) +mfK4]I ′n,ℓ′−1In,ℓ +
√
n(Mℓ +mf ) K4I ′n,ℓ′−1In−1,ℓ−1
]
− (q
′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
(Mℓ′ +mf )
[
(Mℓ +mf )[(K2P )−mfK4]I ′n−1,ℓ′In−1,ℓ−1 − 2β
√
nℓ K4 I ′n−1,ℓ′In,ℓ
]}
;
R−+SV = igsg ′vjs
{√
2βℓ(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In,ℓ′I ′n,ℓ (42)
+
√
2βℓ ′(Mℓ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+
√
2βn (K2j ′)
[
2β
√
ℓℓ ′In−1,ℓ′−1I ′n,ℓ + (Mℓ +mf )(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
+2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
[√
ℓ ′ [(K2P ′)−mfK4]In−1,ℓ′−1I ′n−1,ℓ −
√
n(Mℓ′ +mf ) K4In−1,ℓ′I ′n,ℓ
]
+
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
(Mℓ +mf )
[
(Mℓ′ +mf )[(K2P ′) +mfK4]In,ℓ′I ′n,ℓ−1 − 2β
√
nℓ ′ K4 In,ℓ′−1I ′n−1,ℓ−1
]}
;
8R−−V S = gsg ′vjs
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n,ℓ′In,ℓ (43)
−2β
√
ℓℓ ′
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n(K1j ′)
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ ′
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ +mf )[(K1P ) +mfK3]I ′n,ℓ′−1In,ℓ − 2β
√
ℓnK3I ′n,ℓ′−1In−1,ℓ−1
]
+
√
2β
q ′2
⊥
(Mℓ′ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ [(K1P )−mfK3]I ′n−1,ℓ′In−1,ℓ−1 −
√
n (Mℓ +mf )K3I ′n−1,ℓ′In,ℓ
]}
.
R−−SV = gsg ′vjs
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In,ℓ′I ′n,ℓ (44)
−2β
√
ℓℓ ′
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+2β
√
n(K1j ′)
[√
ℓ ′(Mℓ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−
√
2β
q ′2⊥
(Mℓ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ ′ [(K1P ′)−mfK3]In−1,ℓ′−1I ′n−1,ℓ −
√
n (Mℓ′ +mf )K3In,ℓ′I ′n−1,ℓ
]
+
√
2βℓ
q ′2
⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ′ +mf) [(K1P ′) +mfK3]In,ℓ′I ′n,ℓ−1 − 2β
√
ℓ ′nK3In−1,ℓ′−1I ′n,ℓ−1
]}
.
94. In the case where j is scalar current and j ′ is a pseudovector current (k = S, k ′ = A) we obtain
R++AS = −gsg ′ajs
{
2β
√
ℓℓ ′
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n,ℓ′In,ℓ (45)
+(Mℓ +mf )(Mℓ′ +mf)
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n(K2j ′)
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2β
q ′2⊥
(Mℓ′ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ [(K2P ) +mfK4]I ′n,ℓ′−1In,ℓ +
√
n(Mℓ +mf )K4I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βℓ ′
q ′2
⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ +mf )[(K2P )−mfK4]I ′n−1,ℓ′In−1,ℓ−1 + 2β
√
ℓn K4I ′n−1,ℓ′In,ℓ
]}
;
R++SA = −gsg ′ajs
{
2β
√
ℓℓ ′
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In,ℓ′I ′n,ℓ (46)
+(Mℓ +mf )(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+2β
√
n(K2j ′)
[√
ℓ(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ +
√
ℓ ′(Mℓ +mf )In,ℓ′I ′n−1,ℓ−1
]
+
√
2βℓ
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ′ +mf ) [(K2P ′) +mfK4]In−1,ℓ′−1I ′n−1,ℓ − 2β
√
ℓ ′n K4In,ℓ′I ′n−1,ℓ
]
+
√
2β
q ′2
⊥
(Mℓ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ ′ [(K2P ′)−mfK4]In,ℓ′I ′n,ℓ−1 −
√
n(Mℓ′ +mf )K4In−1,ℓ′−1I ′n,ℓ−1
]}
;
R+−AS = −igsg ′ajs
{√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n,ℓ′In,ℓ (47)
−
√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K1j ′)
[
(Mℓ +mf )(Mℓ′ +mf)I ′n−1,ℓ′−1In,ℓ − 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]
− (q
′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
(Mℓ′ +mf )
[
(Mℓ +mf )[(K1P ) +mfK3]I ′n,ℓ′−1In,ℓ − 2β
√
nℓ K3I ′n,ℓ′−1In−1,ℓ−1
]
+2β
√
ℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
[√
ℓ [(K1P )−mfK3]I ′n−1,ℓ′In−1,ℓ−1 −
√
n (Mℓ +mf ) K3 I ′n−1,ℓ′In,ℓ
]}
;
10
R+−SA = igsg ′ajs
{√
2βℓ ′(Mℓ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In,ℓ′I ′n,ℓ (48)
−
√
2βℓ(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf(K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−
√
2βn (K1j ′)
[
(Mℓ +mf )(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ − 2β
√
ℓℓ ′In,ℓ′I ′n−1,ℓ−1
]
− (q
′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
(Mℓ +mf )
[
(Mℓ′ +mf )[(K1P ′) +mfK3]In−1,ℓ′−1I ′n−1,ℓ ′ − 2β
√
nℓ ′ K3In−1,ℓ′I ′n,ℓ
]
+2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ ′ [(K1P ′)−mfK3]In,ℓ′I ′n,ℓ−1 −
√
n (Mℓ′ +mf ) K3 In,ℓ′−1I ′n−1,ℓ−1
]}
;
R−+AS = −igsg ′ajs
{√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n,ℓ′In,ℓ (49)
−
√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K1j ′)
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ − (Mℓ +mf )(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−2β
√
ℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ [(K1P )−mfK3]I ′n,ℓ′−1In,ℓ −
√
n(Mℓ +mf ) K3I ′n,ℓ′−1In−1,ℓ−1
]
+
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
(Mℓ′ +mf )
[
(Mℓ +mf )[(K1P ) +mfK3]I ′n−1,ℓ′In−1,ℓ−1 + 2β
√
nℓ K3 I ′n−1,ℓ′In,ℓ
]}
;
R−+SA = igsg ′ajs
{√
2βℓ(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In,ℓ′I ′n,ℓ (50)
−
√
2βℓ ′(Mℓ +mf)
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−
√
2βn (K1j ′)
[
2β
√
ℓℓ ′In−1,ℓ′−1I ′n,ℓ − (Mℓ +mf )(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
[√
ℓ ′ [(K1P ′)−mfK3]In−1,ℓ′−1I ′n−1,ℓ −
√
n(Mℓ +mf ) K3In−1,ℓ′I ′n,ℓ
]
+
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
(Mℓ +mf)
[
(Mℓ′ +mf )[(K1P ′) +mfK3]In,ℓ′I ′n,ℓ−1 + 2β
√
nℓ ′ K3 In,ℓ′−1I ′n−1,ℓ−1
]}
;
11
R−−AS = −gsg ′ajs
{
− (Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n,ℓ′In,ℓ (51)
−2β
√
ℓℓ ′
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
−2β√n(K2j ′)
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
√
2βℓ ′
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ +mf )[(K2P )−mfK4]I ′n,ℓ′−1In,ℓ + 2β
√
ℓn K4I ′n−1,ℓ′−1In,ℓ−1
]
+
√
2β
q ′2
⊥
(Mℓ′ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ [(K2P ) +mfK4]I ′n−1,ℓ′In−1,ℓ−1 +
√
n (Mℓ +mf )K4I ′n,ℓ′In−1,ℓ
]}
;
R−−SA = −gsg ′ajs
{
− (Mℓ +mf )(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In,ℓ′I ′n,ℓ (52)
−2β
√
ℓℓ ′
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−2β√n(K2j ′)
[√
ℓ ′(Mℓ +mf )In−1,ℓ′−1I ′n,ℓ +
√
ℓ(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−
√
2β
q ′2⊥
(Mℓ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ ′ [(K2P ′) +mfK4]In−1,ℓ′−1I ′n−1,ℓ −
√
n (Mℓ′ +mf )K4In,ℓ′I ′n−1,ℓ
]
−
√
2βℓ
q ′2
⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ′ +mf) [(K2P ′)−mfK4]In,ℓ′I ′n,ℓ−1 − 2β
√
ℓ ′n K4In−1,ℓ′−1I ′n,ℓ−1
]}
;
5. In the case where j and j ′ are pseudoscalar currents (k = k ′ = P ) we obtain
R++PP = −gpg ′pjpj ′p
{
2β
√
ℓℓ ′ [(K1P ) +mfK3] I ′n,ℓ′In,ℓ + (Mℓ +mf )(Mℓ′ +mf ) [(K1P )−mfK3]×
I ′n−1,ℓ′−1In−1,ℓ−1 − 2β
√
nK3
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]}
; (53)
R+−PP = −igpg ′pjpj ′p
{√
2βℓ ′ (Mℓ +mf ) [(K2P ) +mfK4] I ′n,ℓ′In,ℓ −
√
2βℓ (Mℓ′ +mf ) [(K2P )−mfK4]×
I ′n−1,ℓ′−1In−1,ℓ−1 −
√
2βn K4
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ − 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]}
; (54)
R−+PP = igpg ′pjpj ′p
{√
2βℓ (Mℓ′ +mf ) [(K2P )−mfK4] I ′n,ℓ′In,ℓ −
√
2βℓ ′ (Mℓ +mf ) [(K2P ) +mfK4]×
I ′n−1,ℓ′−1In−1,ℓ−1 −
√
2βn K4
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ − (Mℓ +mf )(Mℓ′ +mf)I ′n,ℓ′In−1,ℓ−1
]}
; (55)
R−−PP = −gpg ′pjpj ′p
{
(Mℓ +mf )(Mℓ′ +mf ) [(K1P )−mfK3] I ′n,ℓ′In,ℓ + 2β
√
ℓℓ ′ [(K1P ) +mfK3]×
I ′n−1,ℓ′−1In−1,ℓ−1 − 2β
√
nK3
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]}
. (56)
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For second diagram we have the following replacement Pα → P ′α, Im,n ↔ I ′m,n.
6. In the case where j is pseudoscalar current and j ′ is a vector current (k = P, k ′ = V ) we obtain
R++V P = gpg ′vjp
{
2β
√
ℓℓ ′
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n,ℓ′In,ℓ (57)
+(Mℓ +mf )(Mℓ′ +mf)
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n(K2j ′)
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2β
q ′2⊥
(Mℓ′ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ [(K2P )−mfK4]I ′n,ℓ′−1In,ℓ +
√
n(Mℓ +mf )K4I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βℓ ′
q ′2
⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ +mf )[(K2P ) +mfK4]I ′n−1,ℓ′In−1,ℓ−1 + 2β
√
ℓn K4I ′n−1,ℓ′In,ℓ
]}
;
R++PV = −gpg ′vjp
{
2β
√
ℓℓ ′
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In,ℓ′I ′n,ℓ (58)
+(Mℓ +mf )(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+2β
√
n(K2j ′)
[√
ℓ(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ +
√
ℓ ′(Mℓ +mf )In,ℓ′I ′n−1,ℓ−1
]
+
√
2βℓ
q ′2
⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ′ +mf ) [(K2P ′)−mfK4]In−1,ℓ′−1I ′n−1,ℓ − 2β
√
ℓ ′n K4In,ℓ′I ′n−1,ℓ
]
+
√
2β
q ′2⊥
(Mℓ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ ′ [(K2P ′) +mfK4]In,ℓ′I ′n,ℓ−1 −
√
n(Mℓ′ +mf )K4In−1,ℓ′−1I ′n,ℓ−1
]}
;
R+−V P = igpg ′vjp
{√
2βℓ ′(Mℓ +mf)
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n,ℓ′In,ℓ (59)
−
√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K1j ′)
[
(Mℓ +mf )(Mℓ′ +mf)I ′n−1,ℓ′−1In,ℓ − 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]
− (q
′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
(Mℓ′ +mf )
[
(Mℓ +mf )[(K1P )−mfK3]I ′n,ℓ′−1In,ℓ − 2β
√
nℓ K3I ′n,ℓ′−1In−1,ℓ−1
]
+2β
√
ℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
[√
ℓ [(K1P ) +mfK3]I ′n−1,ℓ′In−1,ℓ−1 −
√
n (Mℓ +mf ) K3 I ′n−1,ℓ′In,ℓ
]}
;
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R+−PV = igpg ′vjp
{√
2βℓ ′(Mℓ +mf)
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In,ℓ′I ′n,ℓ (60)
−
√
2βℓ(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf(K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−
√
2βn (K1j ′)
[
(Mℓ +mf )(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ − 2β
√
ℓℓ ′In,ℓ′I ′n−1,ℓ−1
]
− (q
′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
(Mℓ +mf )
[
(Mℓ′ +mf )[(K1P ′)−mfK3]In−1,ℓ′−1I ′n−1,ℓ ′ − 2β
√
nℓ ′ K3In−1,ℓ′I ′n,ℓ
]
+2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ ′ [(K1P ′) +mfK3]In,ℓ′I ′n,ℓ−1 −
√
n (Mℓ′ +mf ) K3 In,ℓ′−1I ′n−1,ℓ−1
]}
;
R−+V P = igpg ′vjp
{√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n,ℓ′In,ℓ (61)
−
√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K1j ′)
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ − (Mℓ +mf )(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−2β
√
ℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ [(K1P ) +mfK3]I ′n,ℓ′−1In,ℓ −
√
n(Mℓ +mf ) K3I ′n,ℓ′−1In−1,ℓ−1
]
+
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
(Mℓ′ +mf )
[
(Mℓ +mf )[(K1P )−mfK3]I ′n−1,ℓ′In−1,ℓ−1 + 2β
√
nℓ K3 I ′n−1,ℓ′In,ℓ
]}
;
R−+PV = igpg ′vjp
{√
2βℓ(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In,ℓ′I ′n,ℓ (62)
−
√
2βℓ ′(Mℓ +mf)
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−
√
2βn (K1j ′)
[
2β
√
ℓℓ ′In−1,ℓ′−1I ′n,ℓ − (Mℓ +mf )(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
[√
ℓ ′ [(K1P ′) +mfK3]In−1,ℓ′−1I ′n−1,ℓ −
√
n(Mℓ +mf ) K3In−1,ℓ′I ′n,ℓ
]
+
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
(Mℓ +mf)
[
(Mℓ′ +mf )[(K1P ′)−mfK3]In,ℓ′I ′n,ℓ−1 + 2β
√
nℓ ′ K3 In,ℓ′−1I ′n−1,ℓ−1
]}
;
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R−−V P = gpg ′vjp
{
− (Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n,ℓ′In,ℓ (63)
−2β
√
ℓℓ ′
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
−2β√n(K2j ′)
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
√
2βℓ ′
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ +mf )[(K2P ) +mfK4]I ′n,ℓ′−1In,ℓ + 2β
√
ℓn K4I ′n−1,ℓ′−1In,ℓ−1
]
+
√
2β
q ′2
⊥
(Mℓ′ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ [(K2P )−mfK4]I ′n−1,ℓ′In−1,ℓ−1 +
√
n (Mℓ +mf )K4I ′n,ℓ′In−1,ℓ
]}
;
R−−PV = −gpg ′vjp
{
− (Mℓ +mf )(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In,ℓ′I ′n,ℓ (64)
−2β
√
ℓℓ ′
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−2β√n(K2j ′)
[√
ℓ ′(Mℓ +mf )In−1,ℓ′−1I ′n,ℓ +
√
ℓ(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−
√
2β
q ′2⊥
(Mℓ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ ′ [(K2P ′)−mfK4]In−1,ℓ′−1I ′n−1,ℓ −
√
n (Mℓ′ +mf )K4In,ℓ′I ′n−1,ℓ
]
−
√
2βℓ
q ′2
⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ′ +mf) [(K2P ′) +mfK4]In,ℓ′I ′n,ℓ−1 − 2β
√
ℓ ′n K4In−1,ℓ′−1I ′n,ℓ−1
]}
;
7. In the case where j is pseudoscalar current and j ′ is a pseudovector current (k = P, k ′ = A) we obtain
R++AP = −gpg ′ajp
{
− 2β
√
ℓℓ ′
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n,ℓ′In,ℓ (65)
+(Mℓ +mf )(Mℓ′ +mf)
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
−2β√n(K1j ′)
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
√
2β
q ′2
⊥
(Mℓ′ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ [(K1P ) +mfK3]I ′n,ℓ′−1In,ℓ −
√
n(Mℓ +mf )K3I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βℓ ′
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ +mf )[(K1P )−mfK3]I ′n−1,ℓ′In−1,ℓ−1 − 2β
√
ℓnK3I ′n−1,ℓ′In,ℓ
]}
;
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R++PA = gpg ′ajp
{
− 2β
√
ℓℓ ′
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In,ℓ′I ′n,ℓ (66)
+(Mℓ +mf )(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
−2β√n(K1j ′)
[√
ℓ(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ ′(Mℓ +mf )In,ℓ′I ′n−1,ℓ−1
]
+
√
2βℓ
q ′2
⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ′ +mf ) [(K1P ′)−mfK3]In−1,ℓ′−1I ′n−1,ℓ − 2β
√
ℓ ′nK3In,ℓ′I ′n−1,ℓ
]
−
√
2β
q ′2⊥
(Mℓ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ ′ [(K1P ′) +mfK3]In,ℓ′I ′n,ℓ−1 −
√
n(Mℓ′ +mf )K3In−1,ℓ′−1I ′n,ℓ−1
]}
;
R+−AP = igpg ′ajp
{√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n,ℓ′In,ℓ (67)
+
√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K2j ′)
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ + 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]
− (q
′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
×(Mℓ′ +mf )
[
(Mℓ +mf )[(K2P ) +mfK4]I ′n,ℓ′−1In,ℓ + 2β
√
nℓ K4I ′n,ℓ′−1In−1,ℓ−1
]
−2β
√
ℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
[√
ℓ [(K2P )−mfK4]I ′n−1,ℓ′In−1,ℓ−1 +
√
n (Mℓ +mf ) K4 I ′n−1,ℓ′In,ℓ
]}
;
R+−PA = igpg ′ajp
{√
2βℓ ′(Mℓ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In,ℓ′I ′n,ℓ (68)
+
√
2βℓ(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+
√
2βn (K2j ′)
[
(Mℓ +mf )(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ + 2β
√
ℓℓ ′In,ℓ′I ′n−1,ℓ−1
]
+
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
×(Mℓ +mf )
[
(Mℓ′ +mf )[(K2P ′)−mfK4]In−1,ℓ′−1I ′n−1,ℓ − 2β
√
nℓ ′ K4In,ℓ′I ′n−1,ℓ
]
+2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ ′ [(K2P ′) +mfK4]In,ℓ′I ′n,ℓ−1 −
√
n (Mℓ′ +mf ) K4 In,ℓ′−1I ′n−1,ℓ−1
]}
;
R−+AP = igpg ′ajp
{√
2βℓ(Mℓ′ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
]
I ′n,ℓ′In,ℓ (69)
+
√
2βℓ ′(Mℓ +mf )
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn (K2j ′)
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ + (Mℓ +mf )(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−2β
√
ℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
[√
ℓ [(K2P )−mfK4]I ′n,ℓ′−1In,ℓ +
√
n(Mℓ +mf ) K4I ′n,ℓ′−1In−1,ℓ−1
]
− (q
′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
(Mℓ′ +mf )
[
(Mℓ +mf )[(K2P ) +mfK4]I ′n−1,ℓ′In−1,ℓ−1 − 2β
√
nℓ K4 I ′n−1,ℓ′In,ℓ
]}
;
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R−+PA = igpg ′ajp
{√
2βℓ(Mℓ′ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
]
In,ℓ′I ′n,ℓ (70)
+
√
2βℓ ′(Mℓ +mf )
[
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+
√
2βn (K2j ′)
[
2β
√
ℓℓ ′In−1,ℓ′−1I ′n,ℓ + (Mℓ +mf )(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
+2β
√
ℓ
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[√
ℓ ′ [(K2P ′) +mfK4]In−1,ℓ′−1I ′n−1,ℓ −
√
n(Mℓ′ +mf ) K4In−1,ℓ′I ′n,ℓ
]
+
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
(Mℓ +mf )
[
(Mℓ′ +mf )[(K2P ′)−mfK4]In,ℓ′I ′n,ℓ−1 − 2β
√
nℓ ′ K4 In,ℓ′−1I ′n−1,ℓ−1
]}
;
R−−AP = −gpg ′ajp
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
]
I ′n,ℓ′In,ℓ (71)
−2β
√
ℓℓ ′
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n(K1j ′)
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ ′
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]
[
(Mℓ +mf )[(K1P )−mfK3]I ′n,ℓ′−1In,ℓ − 2β
√
ℓnK3I ′n,ℓ′−1In−1,ℓ−1
]
+
√
2β
q ′2
⊥
(Mℓ′ +mf ) [(q
′Λj ′)− i(q ′ϕj ′)]
[√
ℓ [(K1P ) +mfK3]I ′n−1,ℓ′In−1,ℓ−1 −
√
n (Mℓ +mf )K3I ′n−1,ℓ′In,ℓ
]}
.
R−−PA = gpg ′ajp
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
]
In,ℓ′I ′n,ℓ (72)
−2β
√
ℓℓ ′
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
]
In−1,ℓ′−1I ′n−1,ℓ−1
+2β
√
n(K1j ′)
[√
ℓ ′(Mℓ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−
√
2β
q ′2
⊥
(Mℓ +mf ) [(q
′Λj ′) + i(q ′ϕj ′)]
[√
ℓ ′ [(K1P ′) +mfK3]In−1,ℓ′−1I ′n−1,ℓ −
√
n (Mℓ′ +mf )K3In,ℓ′I ′n−1,ℓ
]
+
√
2βℓ
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)]
[
(Mℓ′ +mf) [(K1P ′)−mfK3]In,ℓ′I ′n,ℓ−1 − 2β
√
ℓ ′nK3In−1,ℓ′−1I ′n,ℓ−1
]}
.
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8. Both vertices are vectors (k = k ′ = V ):
R++V V = gvg ′v
{
2β
√
ℓℓ ′
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P )−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n,ℓ′In,ℓ (73)
+(Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ) +mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
×I ′n−1,ℓ′−1In−1,ℓ−1 + 2β
√
n [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ
q ′2
⊥
(Mℓ′ +mf )[(q
′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 −mf (K1j)]I ′n,ℓ′−1In,ℓ
−
√
2βℓ ′
q2
⊥
(Mℓ +mf )[(qΛj)− i(qϕj)][(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)]I ′n,ℓ′In,ℓ−1
−
√
2βℓ ′
q2⊥
(Mℓ +mf )[(qΛj
′)− i(qϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 +mf (K1j)]I ′n−1,ℓ′In−1,ℓ−1
−
√
2βℓ
q ′2
⊥
(Mℓ′ +mf )[(q
′Λj) + i(q ′ϕj)] [(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)]I ′n−1,ℓ′−1In−1,ℓ
+(Mℓ +mf )(Mℓ′ +mf ) [(jΛj
′) + i(jϕj ′)] [(K1P )−mfK3] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
+2β
√
ℓℓ ′[(jΛj ′)− i(jϕj ′)] [(K1P ) +mfK3] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−
√
2βn (K1j)
[
2β
√
ℓℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ + (Mℓ +mf)(Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βn (K1j ′)
[
(Mℓ +mf)(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 + 2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
+2β
√
n K3
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1
+
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
18
R+−V V = igvg ′v
{√
2βℓ ′ (Mℓ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ) (74)
−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n,ℓ′In,ℓ −
√
2βℓ (Mℓ′ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P ) +mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ − 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]
−(Mℓ +mf )(Mℓ′ +mf ) (q
′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
[(P Λ˜j)K4 − (Pϕ˜j)K3 −mf (K2j)]I ′n,ℓ′−1In,ℓ
+
2β
√
ℓℓ ′√
q2
⊥
[(qΛj)− i(qϕj)] [(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)]I ′n,ℓ′In,ℓ−1
+
2β
√
ℓℓ ′√
q2⊥
[(qΛj ′)− i(qϕj ′)] [(P Λ˜j)K4 − (Pϕ˜j)K3 +mf (K2j)]I ′n−1,ℓ′In−1,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (q
′Λj) + i(q ′ϕj)√
q ′2
⊥
[(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)]I ′n−1,ℓ′−1In−1,ℓ
−
√
2βℓ (Mℓ′ +mf )[(jΛj
′) + i(jϕj ′)] [(K2P )−mfK4] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
+
√
2βℓ ′ (Mℓ +mf )[(jΛj
′)− i(jϕj ′)] [(K2P ) +mfK4] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−2β√n (K2j)
[√
ℓ ′ (Mℓ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ −
√
ℓ (Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
+2β
√
n (K2j ′)
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 −
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
−
√
2βn K4
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
19
R−+V V = igvg ′v
{
−
√
2βℓ (Mℓ +m
′
f )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ) (75)
+mf [(jΛ˜j
′)K4 + (jϕ˜j ′)K3]
]
I ′n,ℓ′In,ℓ +
√
2βℓ ′ (Mℓ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P )−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n−1,ℓ′−1In−1,ℓ−1
−
√
2βn [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ − (Mℓ +mf)(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
2β
√
ℓℓ ′√
q ′2
⊥
[(q ′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K4 − (Pϕ˜j)K3 +mf (K2j)]I ′n,ℓ′−1In,ℓ
−(Mℓ +mf )(Mℓ′ +mf ) (qΛj)− i(qϕj)√
q2
⊥
[(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)]I ′n,ℓ′In,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (qΛj
′)− i(qϕj ′)√
q2⊥
[(P Λ˜j)K4 − (Pϕ˜j)K3 −mf (K2j)]I ′n−1,ℓ′In−1,ℓ−1
+
2β
√
ℓℓ ′√
q ′2
⊥
[(q ′Λj) + i(q ′ϕj)] [(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)]I ′n−1,ℓ′−1In−1,ℓ
+
√
2βℓ ′ (Mℓ +mf )[(jΛj
′) + i(jϕj ′)] [(K2P ) +mfK4] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
−
√
2βℓ (Mℓ′ +mf )[(jΛj
′)− i(jϕj ′)] [(K2P )−mfK4] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
+2β
√
n (K2j)
[√
ℓ (Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ −
√
ℓ ′ (Mℓ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
−2β√n (K2j ′)
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
I ′n−1,ℓ′−1In,ℓ−1 −
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2⊥
I ′n,ℓ′In−1,ℓ
]
+
√
2βn K4
[
(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2
⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ−1
−2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
20
R−−V V = gvg ′v
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ) (76)
+mf [(jΛ˜j
′)K3 + (jϕ˜j ′)K4]
]
I ′n,ℓ′In,ℓ + 2β
√
ℓℓ ′
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)
−(jΛ˜j ′)(K1P )−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n[(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ ′
q ′2⊥
(Mℓ +mf )[(q
′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 +mf (K1j)]I ′n,ℓ′−1In,ℓ
−
√
2βℓ
q2
⊥
(Mℓ′ +mf )[(qΛj)− i(qϕj)] [(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)]I ′n,ℓ′In,ℓ−1
−
√
2βℓ
q2⊥
(Mℓ′ +mf )[(qΛj
′)− i(qϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 −mf (K1j)]I ′n−1,ℓ′In−1,ℓ−1
−
√
2βℓ ′
q ′2
⊥
(Mℓ +mf )[(q
′Λj) + i(q ′ϕj)][(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)]I ′n−1,ℓ′−1In−1,ℓ
+2β
√
ℓℓ ′ [(jΛj ′) + i(jϕj ′)][(K1P ) +mfK3] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf ) [(jΛj
′)− i(jϕj ′)] [(K1P )−mfK3] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−
√
2βn (K1j)
[
(Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ + 2β
√
ℓℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βn (K1j ′)
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2⊥
I ′n−1,ℓ′−1In,ℓ−1 + (Mℓ +mf )(Mℓ′ +mf)
(qΛj) + i(qϕj)√
q2⊥
I ′n,ℓ′In−1,ℓ
]
+2β
√
n K3
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2
⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ−1
+
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
.
For second diagram we have the following replacement Pα → P ′α, qα ↔ −q ′α, jα ↔ j ′α Im,n ↔ I ′m,n.
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9. In the case where j is a vector current and j ′ is a pseudovector current (k = V, k ′ = A) we obtain
R++AV = gvg ′a
{
2β
√
ℓℓ ′
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ) (77)
+mf [(jΛ˜j
′)K4 + (jϕ˜j ′)K3]
]
I ′n,ℓ′In,ℓ − (Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P )−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n[(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
[√
ℓ(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ −
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ
q ′2⊥
(Mℓ′ +mf )[(q
′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K4 − (Pϕ˜j)K3 +mf (K2j)]I ′n,ℓ′−1In,ℓ
+
√
2βℓ ′
q2
⊥
(Mℓ +mf )[(qΛj)− i(qϕj)][(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)]I ′n,ℓ′In,ℓ−1
+
√
2βℓ ′
q2
⊥
(Mℓ +mf )[(qΛj
′)− i(qϕj ′)][(P Λ˜j)K4 − (Pϕ˜j)K3 −mf (K2j)]I ′n−1,ℓ′In−1,ℓ−1
−
√
2βℓ
q ′2⊥
(Mℓ′ +mf )[(q
′Λj) + i(q ′ϕj)][(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)]I ′n−1,ℓ′−1In−1,ℓ
−(Mℓ +mf )(Mℓ′ +mf )[(jΛj ′) + i(jϕj ′)] [(K2P ) +mfK4] (qΛq
′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n,ℓ′−1In,ℓ−1
+2β
√
ℓℓ ′ [(jΛj ′)− i(jϕj ′)][(K2P )−mfK4] (qΛq
′) + i(qϕq ′)√
q2⊥q
′2
⊥
I ′n−1,ℓ′In−1,ℓ
−
√
2βn (K2j)
[
2β
√
ℓℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ − (Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
I ′n,ℓ′−1In−1,ℓ−1
]
+
√
2βn (K2j ′)
[
(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
I ′n−1,ℓ′−1In,ℓ−1 − 2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2⊥
I ′n,ℓ′In−1,ℓ
]
−2β√n K4
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2
⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ−1
−
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
22
R++V A = gvg ′a
{
2β
√
ℓℓ ′
[
(P ′Λ˜j ′)(K2j) + (P ′Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ′) (78)
−mf [(jΛ˜j ′)K4 − (jϕ˜j ′)K3]
]
In,ℓ′I ′n,ℓ − (Mℓ +mf )(Mℓ′ +mf )
[
(P ′Λ˜j ′)(K2j) + (P ′Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P ′) +mf [(jΛ˜j ′)K4 − (jϕ˜j ′)K3]
]
In−1,ℓ′−1I ′n−1,ℓ−1
+2β
√
n[(jΛ˜j ′)K4 − (jϕ˜j ′)K3]
[√
ℓ(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ −
√
ℓ ′(Mℓ +mf )In,ℓ′I ′n−1,ℓ−1
]
+
√
2βℓ
q2⊥
(Mℓ′ +mf )[(qΛj) + i(qϕj)][(P
′Λ˜j ′)K4 − (P ′ϕ˜j ′)K3 −mf(K2j ′)]In,ℓ′−1I ′n,ℓ
−
√
2βℓ ′
q ′2
⊥
(Mℓ +mf )[(q
′Λj ′)− i(q ′ϕj ′)][(P ′Λ˜j)K4 + (P ′ϕ˜j)K3 −mf (K2j)]In,ℓ′I ′n,ℓ−1
−
√
2βℓ ′
q ′2⊥
(Mℓ +mf )[(q
′Λj)− i(q ′ϕj)][(P ′Λ˜j ′)K4 − (P ′ϕ˜j ′)K3 +mf (K2j ′)]In−1,ℓ′I ′n−1,ℓ−1
+
√
2βℓ
q2
⊥
(Mℓ′ +mf )[(qΛj
′) + i(qϕj ′)][(P ′Λ˜j)K4 + (P ′ϕ˜j)K3 +mf(K2j)]In−1,ℓ′−1I ′n−1,ℓ
−(Mℓ +mf )(Mℓ′ +mf )[(jΛj ′)− i(jϕj ′)] [(K2P ′)−mfK4] (qΛq
′) + i(qϕq ′)√
q2⊥q
′2
⊥
In,ℓ′−1I ′n,ℓ−1
+2β
√
ℓℓ ′ [(jΛj ′) + i(jϕj ′)][(K2P ′) +mfK4] (qΛq
′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
In−1,ℓ′I ′n−1,ℓ
+
√
2βn (K2j ′)
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2
⊥
In−1,ℓ′I ′n,ℓ − (Mℓ +mf )(Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
In,ℓ′−1I ′n−1,ℓ−1
]
−
√
2βn (K2j)
[
(Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
In−1,ℓ′−1I ′n,ℓ−1 − 2β
√
ℓℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
In,ℓ′I ′n−1,ℓ
]
−2β√n K4
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2
⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
In−1,ℓ′I ′n,ℓ−1
−
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
In,ℓ′−1I ′n−1,ℓ
]}
;
23
R+−AV = igvg ′a
{
−
√
2βℓ ′ (Mℓ +mf )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ) (79)
−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n,ℓ′In,ℓ +
√
2βℓ (Mℓ′ +mf )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)
−(jΛ˜j ′)(K1P )−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n−1,ℓ′−1In−1,ℓ−1
+
√
2βn [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
[
(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ + 2β
√
ℓℓ ′I ′n,ℓ′In−1,ℓ−1
]
−(Mℓ +mf )(Mℓ′ +mf ) (q
′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
[(P Λ˜j)K3 − (Pϕ˜j)K4 +mf (K1j)]I ′n,ℓ′−1In,ℓ
−2β
√
ℓℓ ′√
q2⊥
[(qΛj)− i(qϕj)] [(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf(K1j ′)]I ′n,ℓ′In,ℓ−1
−2β
√
ℓℓ ′√
q2
⊥
[(qΛj ′)− i(qϕj ′)] [(P Λ˜j)K3 − (Pϕ˜j)K4 −mf(K1j)]I ′n−1,ℓ′In−1,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (q
′Λj) + i(q ′ϕj)√
q ′2⊥
[(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)]I ′n−1,ℓ′−1In−1,ℓ
+
√
2βℓ (Mℓ′ +mf )[(jΛj
′) + i(jϕj ′)][(K1P ) +mfK3] (qΛq
′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n,ℓ′−1In,ℓ−1
+
√
2βℓ ′ (Mℓ +mf )[(jΛj
′)− i(jϕj ′)] [(K1P )−mfK3] (qΛq
′) + i(qϕq ′)√
q2⊥q
′2
⊥
I ′n−1,ℓ′In−1,ℓ
−2β√n (K1j)
[√
ℓ ′ (Mℓ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ +
√
ℓ (Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
I ′n,ℓ′−1In−1,ℓ−1
]
−2β√n (K1j ′)
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 +
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
+
√
2βn K3
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
24
R+−V A = igvg ′a
{
−
√
2βℓ ′ (Mℓ +mf )
[
(P ′Λ˜j ′)(K1j) + (P ′Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ′) (80)
+mf [(jΛ˜j
′)K3 − (jϕ˜j ′)K4]
]
In,ℓ′I ′n,ℓ +
√
2βℓ (Mℓ′ +mf )
[
(P ′Λ˜j ′)(K1j) + (P ′Λ˜j)(K1j ′)
−(jΛ˜j ′)(K1P ′) +mf [(jΛ˜j ′)K3 − (jϕ˜j ′)K4]
]
In−1,ℓ′−1I ′n−1,ℓ−1
+
√
2βn [(jΛ˜j ′)K3 − (jϕ˜j ′)K4]
[
(Mℓ +mf )(Mℓ′ +mf )In−1,ℓ′−1I ′n,ℓ + 2β
√
ℓℓ ′In,ℓ′I ′n−1,ℓ−1
]
+(Mℓ +mf )(Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
[(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)]In,ℓ′−1I ′n,ℓ
+
2β
√
ℓℓ ′√
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)] [(P ′Λ˜j)K3 + (P ′ϕ˜j)K4 −mf (K1j)]In,ℓ′I ′n,ℓ−1
+
2β
√
ℓℓ ′√
q ′2
⊥
[(q ′Λj)− i(q ′ϕj)] [(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)]In−1,ℓ′I ′n−1,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf )
(qΛj ′) + i(qϕj ′)√
q2⊥
[(P ′Λ˜j)K3 + (P ′ϕ˜j)K4 +mf (K1j)]In−1,ℓ′−1I ′n−1,ℓ
+
√
2βℓ (Mℓ′ +mf )[(jΛj
′)− i(jϕj ′)][(K1P ′)−mfK3] (qΛq
′) + i(qϕq ′)√
q2⊥q
′2
⊥
In,ℓ′−1I ′n,ℓ−1
+
√
2βℓ ′ (Mℓ +mf )[(jΛj
′) + i(jϕj ′)] [(K1P ′) +mfK3] (qΛq
′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
In−1,ℓ′I ′n−1,ℓ
+2β
√
n (K1j ′)
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2⊥
In−1,ℓ′I ′n,ℓ +
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2⊥
In,ℓ′−1I ′n−1,ℓ−1
]
+2β
√
n (K1j)
[√
ℓ ′ (Mℓ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
In−1,ℓ′−1I ′n,ℓ−1 +
√
ℓ (Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
In,ℓ′I ′n−1,ℓ
]
+
√
2βn K3
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
In−1,ℓ′I ′n,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
In,ℓ′−1I ′n−1,ℓ
]}
;
25
R−+AV = igvg ′a
{
−
√
2βℓ (Mℓ +m
′
f )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ) (81)
−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n,ℓ′In,ℓ −
√
2βℓ ′ (Mℓ +mf )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)
−(jΛ˜j ′)(K1P ) +mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n−1,ℓ′−1In−1,ℓ−1
−
√
2βn [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ + (Mℓ +mf)(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
2β
√
ℓℓ ′√
q ′2
⊥
[(q ′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 −mf (K1j)]I ′n,ℓ′−1In,ℓ
+(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
[(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)]I ′n,ℓ′In,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf )
(qΛj ′)− i(qϕj ′)√
q2
⊥
[(P Λ˜j)K3 − (Pϕ˜j)K4 +mf (K1j)]I ′n−1,ℓ′In−1,ℓ−1
+
2β
√
ℓℓ ′√
q ′2⊥
[(q ′Λj) + i(q ′ϕj)] [(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)]I ′n−1,ℓ′−1In−1,ℓ
−
√
2βℓ ′(Mℓ +mf )[(jΛj
′) + i(jϕj ′)][(K1P )−mfK3] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
−
√
2βℓ (Mℓ′ +mf )[(jΛj
′)− i(jϕj ′)] [(K1P ) +mfK3] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
+2β
√
n (K1j)
[√
ℓ (Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ +
√
ℓ ′ (Mℓ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
+2β
√
n (K1j ′)
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 +
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
−
√
2βn K3
[
(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1
+2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
26
R−+V A = igvg ′a
{
−
√
2βℓ (Mℓ +m
′
f )
[
(P ′Λ˜j ′)(K1j) + (P ′Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ′) (82)
+mf [(jΛ˜j
′)K3 − (jϕ˜j ′)K4]
]
In,ℓ′I ′n,ℓ −
√
2βℓ ′ (Mℓ +mf )
[
(P ′Λ˜j ′)(K1j) + (P ′Λ˜j)(K1j ′)
−(jΛ˜j ′)(K1P ′)−mf [(jΛ˜j ′)K3 − (jϕ˜j ′)K4]
]
In−1,ℓ′−1I ′n−1,ℓ−1
−
√
2βn [(jΛ˜j ′)K3 − (jϕ˜j ′)K4]
[
2β
√
ℓℓ ′In−1,ℓ′−1I ′n,ℓ + (Mℓ +mf )(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1
]
−2β
√
ℓℓ ′√
q2
⊥
[(qΛj) + i(qϕj)][(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)]In,ℓ′−1I ′n,ℓ
−(Mℓ +mf )(Mℓ′ +mf) (q
′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
[(P ′Λ˜j)K3 + (P ′ϕ˜j)K4 +mf (K1j)]In,ℓ′I ′n,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf) (q
′Λj)− i(q ′ϕj)√
q ′2
⊥
[(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)]In−1,ℓ′I ′n−1,ℓ−1
−2β
√
ℓℓ ′√
q2⊥
[(qΛj ′) + i(qϕj ′)] [(P ′Λ˜j)K3 + (P ′ϕ˜j)K4 −mf (K1j)]In−1,ℓ′−1I ′n−1,ℓ
−
√
2βℓ ′(Mℓ +mf )[(jΛj
′)− i(jϕj ′)][(K1P ′) +mfK3] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
In,ℓ′−1I ′n,ℓ−1
−
√
2βℓ (Mℓ′ +mf )[(jΛj
′) + i(jϕj ′)] [(K1P ′)−mfK3] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
In−1,ℓ′I ′n−1,ℓ
−2β√n (K1j ′)
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
In−1,ℓ′I ′n,ℓ +
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2⊥
In,ℓ′−1I ′n−1,ℓ−1
]
−2β√n (K1j)
[√
ℓ (Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
In−1,ℓ′−1I ′n,ℓ−1 +
√
ℓ ′ (Mℓ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
In,ℓ′I ′n−1,ℓ
]
−
√
2βn K3
[
(Mℓ +mf)(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
In−1,ℓ′I ′n,ℓ−1
+2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2
⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
In,ℓ′−1I ′n−1,ℓ
]}
;
27
R−−AV = gvg ′a
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ) (83)
−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n,ℓ′In,ℓ − 2β
√
ℓℓ ′
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P ) +mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n−1,ℓ′−1In−1,ℓ−1 + 2β
√
n[(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
×[√ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ −√ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1]
−
√
2βℓ ′
q ′2
⊥
(Mℓ +mf )[(q
′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K4 − (Pϕ˜j)K3 −mf (K2j)]I ′n,ℓ′−1In,ℓ
+
√
2βℓ
q2⊥
(Mℓ′ +mf )[(qΛj)− i(qϕj)][(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)]I ′n,ℓ′In,ℓ−1
+
√
2βℓ
q2⊥
(Mℓ′ +mf )[(qΛj
′)− i(qϕj ′)] [(P Λ˜j)K4 − (Pϕ˜j)K3 +mf (K2j)]I ′n−1,ℓ′In−1,ℓ−1
−
√
2βℓ ′
q ′2
⊥
(Mℓ +mf )[(q
′Λj) + i(q ′ϕj)] [(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf(K2j ′)]I ′n−1,ℓ′−1In−1,ℓ
−2β
√
ℓℓ ′[(jΛj ′) + i(jϕj ′)] [(K2P )−mfK4] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf ) [(jΛj
′)− i(jϕj ′)][(K2P ) +mfK4] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−
√
2βn (K2j)
[
(Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ − 2β
√
ℓℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
+
√
2βn (K2j ′)
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 − (Mℓ +mf )(Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
−2β√n K4
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1
−
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
28
R−−V A = gvg ′a
{
(Mℓ +mf )(Mℓ′ +mf )
[
(P ′Λ˜j ′)(K2j) + (P ′Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ′) (84)
+mf [(jΛ˜j
′)K4 − (jϕ˜j ′)K3]
]
In,ℓ′I ′n,ℓ − 2β
√
ℓℓ ′
[
(P ′Λ˜j ′)(K2j) + (P ′Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P ′)−mf [(jΛ˜j ′)K4 − (jϕ˜j ′)K3]
]
In−1,ℓ′−1I ′n−1,ℓ−1 + 2β
√
n[(jΛ˜j ′)K4 − (jϕ˜j ′)K3]
×[√ℓ ′(Mℓ +mf )In−1,ℓ′−1I ′n,ℓ −√ℓ(Mℓ′ +mf )In,ℓ′I ′n−1,ℓ−1]
+
√
2βℓ ′
q2
⊥
(Mℓ +mf )[(qΛj) + i(qϕj)][(P
′Λ˜j ′)K4 − (P ′ϕ˜j ′)K3 +mf (K2j ′)]In,ℓ′−1I ′n,ℓ
−
√
2βℓ
q ′2⊥
(Mℓ′ +mf )[(q
′Λj ′)− i(q ′ϕj ′)][(P ′Λ˜j)K4 + (P ′ϕ˜j)K3 +mf (K2j)]In,ℓ′I ′n,ℓ−1
−
√
2βℓ
q ′2⊥
(Mℓ′ +mf )[(q
′Λj)− i(q ′ϕj)] [(P ′Λ˜j ′)K4 − (P ′ϕ˜j ′)K3 −mf (K2j ′)]In−1,ℓ′I ′n−1,ℓ−1
+
√
2βℓ ′
q2
⊥
(Mℓ +mf )[(qΛj
′) + i(qϕj ′)] [(P ′Λ˜j)K4 + (P ′ϕ˜j)K3 −mf (K2j)]In−1,ℓ′−1I ′n−1,ℓ
−2β
√
ℓℓ ′[(jΛj ′)− i(jϕj ′)] [(K2P ′) +mfK4] (qΛq
′) + i(qϕq ′)√
q2⊥q
′2
⊥
In,ℓ′−1I ′n,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf ) [(jΛj
′) + i(jϕj ′)][(K2P ′)−mfK4] (qΛq
′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
In−1,ℓ′I ′n−1,ℓ
+
√
2βn (K2j ′)
[
(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
In−1,ℓ′I ′n,ℓ − 2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2⊥
In,ℓ′−1I ′n−1,ℓ−1
]
−
√
2βn (K2j)
[
2β
√
ℓℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
In−1,ℓ′−1I ′n,ℓ−1 − (Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
In,ℓ′I ′n−1,ℓ
]
−2β√n K4
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
In−1,ℓ′I ′n,ℓ−1
−
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
In,ℓ′−1I ′n−1,ℓ
]}
.
29
10. In the case where j and j ′ are pseudovector currents (k = k ′ = A) we obtain
R++AA = gag ′a
{
2β
√
ℓℓ ′
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ) +mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n,ℓ′In,ℓ
+(Mℓ +mf )(Mℓ′ +mf )
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P )−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
(85)
×I ′n−1,ℓ′−1In−1,ℓ−1 + 2β
√
n[(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
[√
ℓ(Mℓ′ +mf)I ′n−1,ℓ′−1In,ℓ +
√
ℓ ′(Mℓ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ
q ′2
⊥
(Mℓ′ +mf )[(q
′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 +mf (K1j)]I ′n,ℓ′−1In,ℓ
−
√
2βℓ ′
q2⊥
(Mℓ +mf )[(qΛj)− i(qϕj)][(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)]I ′n,ℓ′In,ℓ−1
−
√
2βℓ ′
q2
⊥
(Mℓ +mf )[(qΛj
′)− i(qϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 −mf (K1j)]I ′n−1,ℓ′In−1,ℓ−1
−
√
2βℓ
q ′2
⊥
(Mℓ′ +mf )[(q
′Λj) + i(q ′ϕj)][(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)]I ′n−1,ℓ′−1In−1,ℓ
+(Mℓ +mf )(Mℓ′ +mf )[(jΛj
′) + i(jϕj ′)] [(K1P ) +mfK3] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
+2β
√
ℓℓ ′ [(jΛj ′)− i(jϕj ′)][(K1P )−mfK3] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−
√
2βn (K1j)
[
2β
√
ℓℓ ′
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ + (Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
−
√
2βn (K1j ′)
[
(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 + 2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
+2β
√
n K3
[√
ℓ ′ (Mℓ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1
+
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
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R+−AA = igag ′a
{√
2βℓ ′ (Mℓ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ) (86)
+mf [(jΛ˜j
′)K4 + (jϕ˜j ′)K3]
]
I ′n,ℓ′In,ℓ −
√
2βℓ (Mℓ′ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P )−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n−1,ℓ′−1In−1,ℓ−1 +
√
2βn [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
×[(Mℓ +mf )(Mℓ′ +mf )I ′n−1,ℓ′−1In,ℓ − 2β√ℓℓ ′I ′n,ℓ′In−1,ℓ−1]
−(Mℓ +mf )(Mℓ′ +mf ) (q
′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
[(P Λ˜j)K4 − (Pϕ˜j)K3 +mf (K2j)]I ′n,ℓ′−1In,ℓ
+
2β
√
ℓℓ ′√
q2
⊥
[(qΛj)− i(qϕj)][(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)]I ′n,ℓ′In,ℓ−1
+
2β
√
ℓℓ ′√
q2⊥
[(qΛj ′)− i(qϕj ′)][(P Λ˜j)K4 − (Pϕ˜j)K3 −mf (K2j)]I ′n−1,ℓ′In−1,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (q
′Λj) + i(q ′ϕj)√
q ′2
⊥
[(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)]I ′n−1,ℓ′−1In−1,ℓ
−
√
2βℓ(Mℓ′ +mf )[(jΛj
′) + i(jϕj ′)] [(K2P ) +mfK4] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
+
√
2βℓ ′ (Mℓ +mf )[(jΛj
′)− i(jϕj ′)] [(K2P )−mfK4] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−2β√n (K2j)
[√
ℓ ′ (Mℓ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ −
√
ℓ (Mℓ′ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
+2β
√
n (K2j ′)
[√
ℓ ′ (Mℓ +mf)
(qΛj)− i(qϕj)√
q2⊥
I ′n−1,ℓ′−1In,ℓ−1 −
√
ℓ (Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2⊥
I ′n,ℓ′In−1,ℓ
]
−
√
2βn K4
[
2β
√
ℓℓ ′
(qΛj)− i(qϕj)√
q2
⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
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R−+AA = igag ′a
{
−
√
2βℓ (Mℓ +m
′
f)
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ) (87)
−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n,ℓ′In,ℓ +
√
2βℓ ′ (Mℓ +mf )
[
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)
−(jΛ˜j ′)(K2P ) +mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
]
I ′n−1,ℓ′−1In−1,ℓ−1
−
√
2βn [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
[
2β
√
ℓℓ ′I ′n−1,ℓ′−1In,ℓ − (Mℓ +mf )(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
+
2β
√
ℓℓ ′√
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K4 − (Pϕ˜j)K3 −mf (K2j)]I ′n,ℓ′−1In,ℓ
−(Mℓ +mf )(Mℓ′ +mf ) (qΛj)− i(qϕj)√
q2
⊥
[(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)]I ′n,ℓ′In,ℓ−1
−(Mℓ +mf )(Mℓ′ +mf ) (qΛj
′)− i(qϕj ′)√
q2⊥
[(P Λ˜j)K4 − (Pϕ˜j)K3 +mf (K2j)]I ′n−1,ℓ′In−1,ℓ−1
+
2β
√
ℓℓ ′√
q ′2
⊥
[(q ′Λj) + i(q ′ϕj)] [(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)]I ′n−1,ℓ′−1In−1,ℓ
+
√
2βℓ ′ (Mℓ +mf )[(jΛj
′) + i(jϕj ′)] [(K2P )−mfK4] (qΛq
′)− i(qϕq ′)√
q2⊥q
′2
⊥
I ′n,ℓ′−1In,ℓ−1
−
√
2βℓ (Mℓ′ +mf )[(jΛj
′)− i(jϕj ′)][(K2P ) +mfK4] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
+2β
√
n (K2j)
[√
ℓ (Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ −
√
ℓ ′ (Mℓ +mf )
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
−2β√n (K2j ′)
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
I ′n−1,ℓ′−1In,ℓ−1 −
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2⊥
I ′n,ℓ′In−1,ℓ
]
+
√
2βn K4
[
(Mℓ +mf )(Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2
⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2
⊥
I ′n−1,ℓ′In,ℓ−1
−2β
√
ℓℓ ′
(qΛj) + i(qϕj)√
q2⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ
]}
;
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R−−AA = gag ′a
{
(Mℓ +mf )(Mℓ′ +mf)
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P ) (88)
−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n,ℓ′In,ℓ + 2β
√
ℓℓ ′
[
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)
−(jΛ˜j ′)(K1P ) +mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
]
I ′n−1,ℓ′−1In−1,ℓ−1
+2β
√
n[(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
[√
ℓ ′(Mℓ +mf )I ′n−1,ℓ′−1In,ℓ +
√
ℓ(Mℓ′ +mf )I ′n,ℓ′In−1,ℓ−1
]
−
√
2βℓ ′
q ′2
⊥
(Mℓ +mf )[(q
′Λj ′) + i(q ′ϕj ′)][(P Λ˜j)K3 − (Pϕ˜j)K4 −mf (K1j)]I ′n,ℓ′−1In,ℓ
−
√
2βℓ
q2⊥
(Mℓ′ +mf )[(qΛj)− i(qϕj)][(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)]I ′n,ℓ′In,ℓ−1
−
√
2βℓ
q2
⊥
(Mℓ′ +mf )[(qΛj
′)− i(qϕj ′)] [(P Λ˜j)K3 − (Pϕ˜j)K4 +mf (K1j)]I ′n−1,ℓ′In−1,ℓ−1
−
√
2βℓ ′
q ′2⊥
(Mℓ +mf )[(q
′Λj) + i(q ′ϕj)] [(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf(K1j ′)]I ′n−1,ℓ′−1In−1,ℓ
+2β
√
ℓℓ ′[(jΛj ′) + i(jϕj ′)] [(K1P )−mfK3] (qΛq
′)− i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n,ℓ′−1In,ℓ−1
+(Mℓ +mf )(Mℓ′ +mf ) [(jΛj
′)− i(jϕj ′)][(K1P ) +mfK3] (qΛq
′) + i(qϕq ′)√
q2
⊥
q ′2
⊥
I ′n−1,ℓ′In−1,ℓ
−
√
2βn (K1j)
[
(Mℓ +mf )(Mℓ′ +mf )
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ + 2β
√
ℓℓ ′
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2⊥
I ′n,ℓ′−1In−1,ℓ−1
]
+
√
2βn (K1j ′)
[
2β
√
ℓℓ ′
−(qΛj) + i(qϕj)√
q2
⊥
I ′n−1,ℓ′−1In,ℓ−1 − (Mℓ +mf )(Mℓ′ +mf )
(qΛj) + i(qϕj)√
q2
⊥
I ′n,ℓ′In−1,ℓ
]
+
2β
√
n K3
[√
ℓ (Mℓ′ +mf )
(qΛj)− i(qϕj)√
q2⊥
(q ′Λj ′)− i(q ′ϕj ′)√
q ′2⊥
I ′n−1,ℓ′In,ℓ−1 +
√
ℓ ′ (Mℓ +mf )
(qΛj) + i(qϕj)√
q2
⊥
(q ′Λj ′) + i(q ′ϕj ′)√
q ′2
⊥
I ′n,ℓ′−1In−1,ℓ
]}
.
For second diagram we have the following replacement Pα → P ′α, qα ↔ −q ′α, jα ↔ j ′α Im,n ↔ I ′m,n.
III. GROUND LANDAU LEVEL
The obtained results can be essentially simplified in
several special cases. In the present section we consider
the strong field limit, where the magnetic field strength
B is the maximal physical parameter, namely,
√
eB ≫
ω, E, etc. In this case n, ℓ, ℓ ′ = 0, Mℓ = Mℓ′ = mf and
we obtain the following expressions for the amplitudes,
for different spin states of the initial and final fermions
and for generalized vertices of the scalar, pseudoscalar,
vector or axial vector types
M−−k ′k = − exp [−iθ] exp
[
−q
2
⊥ + q
′2
⊥
4β
]
(89)
×
{
ei(qϕq
′)/(2β) R(1)0 k ′k
P 2
‖
−m2f
+
e−i(qϕq
′)/(2β) R(2)0 kk ′
P ′2
‖
−m2f
}
,
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where
R(1)0SS = gsg ′sjsj ′s [(K1P ) +mfK3] ; (90)
R(2)0SS = gsg ′sjsj ′s [(K1P ′) +mfK3] ; (91)
R(1)0PS = gsg ′pjsj ′p [(K2P )−mfK4] ; (92)
R(2)0SP = −gsg ′pjsj ′p [(K2P ′) +mfK4] ; (93)
R(1)0V S = gsg ′vjs
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 (94)
+mf(K1j ′)
]
;
R(2)0SV = gsg ′vjs
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 (95)
+mf (K1j ′)
]
;
R(1)0AS = gsg ′ajs
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 (96)
−mf (K2j ′)
]
;
R(2)0SA = gsg ′ajs
[
(P ′Λ˜j ′)K4 − (P ′ϕ˜j ′)K3 (97)
+mf(K2j ′)
]
;
R(1)0PP = −gpg ′pjpj ′p [(K1P )−mfK3] ; (98)
R(2)0PP = −gpg ′pjpj ′p [(K1P ′)−mfK3] ; (99)
R(1)0V P = −gpg ′vjp
[
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 (100)
+mf(K2j ′)
]
;
R(2)0PV = gpg ′vjp
[
(P ′Λ˜j ′)K4 − (P ′ϕ˜j ′)K3 (101)
−mf(K2j ′)
]
;
R(1)0AP = −gpg ′ajp
[
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 (102)
−mf (K1j ′)
]
;
R(2)0PA = gpg ′ajp
[
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 (103)
−mf(K1j ′)
]
;
R(1)0V V = gvg ′v
{
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′) (104)
−(jΛ˜j ′)(K1P ) +mf
[
(jΛ˜j ′)K3 + (jϕ˜j ′)K4
]}
;
R(2)0V V = gvg ′v
{
(P ′Λ˜j ′)(K1j) + (P ′Λ˜j)(K1j ′)(105)
−(jΛ˜j ′)(K1P ′) +mf
[
(jΛ˜j ′)K3 − (jϕ˜j ′)K4
]}
;
R(1)0AV = gvg ′a
{
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′) (106)
−(jΛ˜j ′)(K2P )−mf
[
(jΛ˜j ′)K4 + (jϕ˜j ′)K3
]}
;
R(2)0V A = gvg ′a
{
(P ′Λ˜j ′)(K2j) + (P ′Λ˜j)(K2j ′)(107)
−(jΛ˜j ′)(K2P ′) +mf
[
(jΛ˜j ′)K4 − (jϕ˜j ′)K3
]}
;
R(1)0AA = gag ′a
{
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′) (108)
−(jΛ˜j ′)(K1P )−mf
[
(jΛ˜j ′)K3 + (jϕ˜j ′)K4
]}
.
R(2)0AA = gag ′a
{
(P ′Λ˜j ′)(K1j) + (P ′Λ˜j)(K1j ′)(109)
−(jΛ˜j ′)(K1P ′)−mf
[
(jΛ˜j ′)K3 − (jϕ˜j ′)K4
]}
.
We note that the obtained results forM−−V V andM−−V A
exactly coincide with the amplitude of the photo-neutrino
process from Ref. [30] (see also [18]) after taking account
of the second diagram and of the momentum conservation
law.
IV. FORWARD SCATTERING
For generalization of the results obtained in Ref. [11],
to the case of magnetized plasma we consider the pro-
cess of a coherent scattering of the generalized current j
off the real fermions without change of their states (the
“forward” scattering). In this case, under the general-
ized current j in the initial state we mean only the field
operator of a single particle, while the generalized cur-
rent j ′ in the final state could be both the field operator
of a single particle and e.g. the neutrino current. In
this case: s = s ′, qµ = q ′µ, pµ = p ′µ, K1α = 2(pΛ˜)α,
K2α = 2(ϕ˜p)α, K3 = 2Mℓ, K4 = 0. We obtain the foll-
wing results for the amplitudes:
Mk ′k = − β
2π2
∞∑
ℓ,n=0
∫
dpz
Eℓ
ff (Eℓ) (110)
×
{
D(1)k ′k
(p+ q)2‖ −m2f − 2βn
+
D(2)kk ′
(p− q)2‖ −m2f − 2βn
}
,
where ff (Eℓ) = [1 + exp (Eℓ − µf )/T ]−1 is the fermion
distribution function, T and µf are the temperature and
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the chemical potential of plasma correspondingly,
D(1)SS = gsg ′sjsj ′s
{
[(qΛ˜p) + 2βℓ+ 2m2f ] (111)
× (I2n,ℓ + I2n−1,ℓ−1)− 4β
√
nℓIn,ℓIn−1,ℓ−1
}
;
D(2)SS = D(1)SS(q → −q) ;
D(1)SP = D(2)PS = gsg ′pjsj ′p(qϕ˜p)
[I2n,ℓ − I2n−1,ℓ−1] ; (112)
D(1)V S = gsg ′vjsmf
{
[2(pΛ˜j ′) + (qΛ˜j ′)]
[I2n,ℓ + I2n−1,ℓ−1]
−
√
2βℓ
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,ℓIn,ℓ−1 (113)
+[(qΛj ′)− i(qϕj ′)]In−1,ℓIn−1,ℓ−1]
−
√
2βn
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,ℓ−1In−1,ℓ−1
+[(qΛj ′)− i(qϕj ′)]In,ℓIn−1,ℓ]} ;
D(2)SV = gsg ′vjsmf
{
[2(pΛ˜j ′)− (qΛ˜j ′)] [I2n,ℓ + I2n−1,ℓ−1]
+
√
2βℓ
q2
⊥
[[(qΛj ′)− i(qϕj ′)]In,ℓIn,ℓ−1 (114)
+[(qΛj ′) + i(qϕj ′)]In−1,ℓIn−1,ℓ−1]
+
√
2βn
q2⊥
[[(qΛj ′)− i(qϕj ′)]In,ℓ−1In−1,ℓ−1
+[(qΛj ′) + i(qϕj ′)]In,ℓIn−1,ℓ]} ;
D(1)AS = gsg ′ajsmf [2(pϕ˜j ′) + (qϕ˜j ′)] (115)
× [I2n,ℓ − I2n−1,ℓ−1] ;
D(2)SA = D(1)AS(q → −q) ;
D(1)PP = −gpg ′pjpj ′p
{
[(qΛ˜p) + 2βℓ]
[I2n,ℓ + I2n−1,ℓ−1]
−4β
√
nℓIn,ℓIn−1,ℓ−1
}
; (116)
D(2)PP = D(1)PP (q → −q) ;
D(1)V P = D(2)PV (117)
= −gpg ′vjpmf (qϕ˜j ′)
[I2n,ℓ − I2n−1,ℓ−1] ;
D(1)AP = −gpg ′ajpmf
{
(qΛ˜j ′)
[I2n,ℓ + I2n−1,ℓ−1](118)
+
√
2βℓ
q2
⊥
[[(qΛj ′) + i(qϕj ′)]In,ℓIn,ℓ−1
+[(qΛj ′)− i(qϕj ′)]In−1,ℓIn−1,ℓ−1]
−
√
2βn
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,ℓ−1In−1,ℓ−1
+[(qΛj ′)− i(qϕj ′)]In,ℓIn−1,ℓ]} ;
D(2)PA = −gpg ′ajpmf
{
(qΛ˜j ′)
[I2n,ℓ + I2n−1,ℓ−1](119)
−
√
2βℓ
q2
⊥
[[(qΛj ′)− i(qϕj ′)]In,ℓIn,ℓ−1
−[(qΛj ′) + i(qϕj ′)]In−1,ℓIn−1,ℓ−1]
−
√
2βn
q2
⊥
[[(qΛj ′)− i(qϕj ′)]In,ℓ−1In−1,ℓ−1
+[(qΛj ′) + i(qϕj ′)]In,ℓIn−1,ℓ]} ;
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D(1)V V = gvg ′v
{[
(pΛ˜j)(P Λ˜j ′) + (P Λ˜j)(pΛ˜j ′)− (jΛ˜j ′)[2βℓ+ (pΛ˜q)]
] [I2n,ℓ + I2n−1,ℓ−1] (120)
+4β
√
nℓ (jΛ˜j ′)In,ℓIn−1,ℓ−1 −
√
2βℓ
q2⊥
[
(P Λ˜j)[(qΛj ′) + i(qϕj ′)] + (P Λ˜j ′)[(qΛj)− i(qϕj)]
]
In,ℓIn,ℓ−1
−
√
2βℓ
q2
⊥
[
(P Λ˜j)[(qΛj ′)− i(qϕj ′)] + (P Λ˜j ′)[(qΛj) + i(qϕj)]
]
In−1,ℓ−1In−1,ℓ
−
√
2βn
q2⊥
[
(pΛ˜j)[(qΛj ′)− i(qϕj ′)] + (pΛ˜j ′)[(qΛj) + i(qϕj)]
]
In,ℓIn−1,ℓ
−
√
2βn
q2
⊥
[
(pΛ˜j)[(qΛj ′) + i(qϕj ′)] + (pΛ˜j ′)[(qΛj)− i(qϕj)]
]
In−1,ℓ−1In,ℓ−1 + [2βℓ+ (pΛ˜q)]
× [[(jΛj ′) + i(jϕj ′)]I2n,ℓ−1 + [(jΛj ′)− i(jϕj ′)]I2n−1,ℓ]+ 4β√nℓq2⊥ [(qΛj)(qΛj ′)− (qϕj)(qϕj ′)]In,ℓ−1In−1,ℓ
}
;
D(2)V V = D(1)V V (q → −q, j ↔ j ′) ;
D(1)AV = gvg ′a
{
[(P Λ˜j)(j ′ϕ˜p) + (P Λ˜j ′)(jϕ˜p)− (jΛ˜j ′)(qϕ˜p)−m2f (jϕ˜j ′)]
[I2n,ℓ − I2n−1,ℓ−1]
+
√
2βℓ
q2
⊥
[(Pϕ˜j)[(qΛj ′) + i(qϕj ′)] + (Pϕ˜j ′)[(qΛj)− i(qϕj)]] In,ℓIn,ℓ−1 (121)
−
√
2βℓ
q2⊥
[(Pϕ˜j)[(qΛj ′)− i(qϕj ′)] + (Pϕ˜j ′)[(qΛj) + i(qϕj)]] In−1,ℓ−1In−1,ℓ
+
√
2βn
q2
⊥
[(pϕ˜j)[(qΛj ′)− i(qϕj ′)] + (pϕ˜j ′)[(qΛj) + i(qϕj)]] In,ℓIn−1,ℓ
−
√
2βn
q2⊥
[(pϕ˜j)[(qΛj ′) + i(qϕj ′)] + (pϕ˜j ′)[(qΛj)− i(qϕj)]] In−1,ℓ−1In,ℓ−1
+(pϕ˜q)
[
[(jΛj ′) + i(jϕj ′)]I2n,ℓ−1 − [(jΛj ′)− i(jϕj ′)]I2n−1,ℓ
]}
;
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D(2)V A = gvg ′a
{
[(P ′Λ˜j)(j ′ϕ˜p) + (P ′Λ˜j ′)(jϕ˜p) + (jΛ˜j ′)(qϕ˜p)−m2f (jϕ˜j ′)]
[I2n,ℓ − I2n−1,ℓ−1]
−
√
2βℓ
q2
⊥
[(P ′ϕ˜j ′)[(qΛj) + i(qϕj)] + (P ′ϕ˜j)[(qΛj ′)− i(qϕj ′)]] In,ℓIn,ℓ−1 (122)
+
√
2βℓ
q2⊥
[(P ′ϕ˜j ′)[(qΛj)− i(qϕj)] + (P ′ϕ˜j)[(qΛj ′) + i(qϕj ′)]] In−1,ℓ−1In−1,ℓ
−
√
2βn
q2
⊥
[(pϕ˜j ′)[(qΛj)− i(qϕj)] + (pϕ˜j)[(qΛj ′) + i(qϕj ′)]] In,ℓIn−1,ℓ
+
√
2βn
q2⊥
[(pϕ˜j ′)[(qΛj) + i(qϕj)] + (pϕ˜j)[(qΛj ′)− i(qϕj ′)]] In−1,ℓ−1In,ℓ−1
−(pϕ˜q) [[(jΛj ′)− i(jϕj ′)]I2n,ℓ−1 − [(jΛj ′) + i(jϕj ′)]I2n−1,ℓ]} ;
D(1)AA = gag ′a
{
[(P Λ˜j)(pΛ˜j ′) + (pΛ˜j)(P Λ˜j ′)− (jΛ˜j ′)(M2ℓ +m2 + (pΛ˜q))][I2n,ℓ + I2n−1,ℓ−1] (123)
+4β
√
nℓ (jΛ˜j ′)In,ℓIn−1,ℓ−1 −
√
2βℓ
q2
⊥
[
(P Λ˜j)[(qΛj ′) + i(qϕj ′)] + (P Λ˜j ′)[(qΛj)− i(qϕj)]
]
In,ℓIn,ℓ−1
−
√
2βℓ
q2
⊥
[
(P Λ˜j)[(qΛj ′)− i(qϕj ′)] + (P Λ˜j ′)[(qΛj) + i(qϕj)]
]
In−1,ℓ−1In−1,ℓ
−
√
2βn
q2
⊥
[
(pΛ˜j)[(qΛj ′)− i(qϕj ′)] + (pΛ˜j ′)[(qΛj) + i(qϕj)]
]
In,ℓIn−1,ℓ
−
√
2βn
q2⊥
[
(pΛ˜j)[(qΛj ′) + i(qϕj ′)] + (pΛ˜j ′)[(qΛj)− i(qϕj)]
]
In−1,ℓ−1In,ℓ−1 + (M2ℓ +m2 + (pΛ˜q))
× [[(jΛj ′) + i(jϕj ′)]I2n,ℓ−1 + [(jΛj ′)− i(jϕj ′)]I2n−1,ℓ]+ 4β√nℓq2⊥ [(qΛj)(qΛj ′)− (qϕj)(qϕj ′)]In,ℓ−1In−1,ℓ
}
;
D(2)AA = D(1)AA(q → −q, j ↔ j ′) .
We notice, that the expressions for amplitudes MV S , MV P , MV V and MAV are manifestly gauge invariant.
V. DISCUSSION
In this paper, we have calculated the tree-level two-
point amplitudes for the transitions jf → j ′f ′ in a con-
stant uniform magnetic field of an arbitrary strength,
and in charged fermion plasma, for generalized vertices
of the scalar, pseudoscalar, vector or axial types. It is
remarkable, that all the amplitudes obtained are mani-
festly Lorentz invariant, due to the choice of the Dirac
equation solutions as the eigenfunctions of the covariant
operator µˆz. In this case, partial contributions to the
amplitude from the channels with different fermion po-
larization states are calculated separately, by direct mul-
tiplication of the bispinors and the Dirac matrices. This
approach is an alternative to the method where the am-
plitudes squared are calculated, summed over the fermion
polarization states, with using the fermion density ma-
trices, see, e.g. [31, 32].
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